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Abstract 
 
In graph theory, a long standing problem has involved finding 
a closed form expression for the number of Euler circuits in 
Kn. This solution presented here comprises a function D(x,y) 
that has several  interesting applications in computer science. 

 
Introduction 

 

In graph theory, a graph can be defined as an algebraic structure comprising 
two sets V, a set of vertices (or nodes) and E, a set of edges (or arcs). The 
simplest graphs, in which V and E are finite sets, can be represented in the 
form of a picture similar to the one shown in figure 1, where ten edges are 
needed to completely connect each vertex to every other. 
 

 
 

Figure 1.  A picture of the complete graph K5. 
 
Let G be a graph with vertex set V and edge set E. A development of length m 
on G is any sequence of edges of G which develops a previously visited 
vertex (not necessarily the most recent). A walk of length m on G is a 
sequence v0, v1, .... vm of vertices of G such that (vi-1, vi) ∊ E for 1 ≤ i ≤ m. So 

a walk is a particular type of development which must develop the most 
recently visited vertex [2, 5, 6].  
 
A walk is a circuit if vm = v0 . An Eulerian circuit in G is a circuit of length |E|. 
 

 
Figure 2.   Subgraphs of  K5. which are (left) a development of length 4, 

(center) a walk of length 4 and (right) a circuit of length 5. The 
order of traversal is indicated on each edge. 

 
Various associated combinatorial results on complete graphs can be found in 
[1, 3]. Clearly in K1 the number of Euler circuits is zero and in K3 the number 
of Euler circuits is two. Other values found experimentally over the years are 
shown in the table of figure 3.  See, for example McKay, 1998 [7]. 

  

n Number of Euler 
circuits 

1 0 
3 2 
5 264 
7 1.3 x 108 

9 9.1 x 1017 
 
Figure 3.   Known values of the number of Euler circuits in Kn 

for values n = 1, 3, 5, 7 and 9.  
 
 
The d(x) function  
 
Consider a function of one variable d(x) defined by the integral 
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for positive real values of x . It can be shown [4] that a closed form 

expression is 
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For integer values, we can see that the value of d(n) can be written 
generally as: 
 (2n+1)(2n-1)(2n-3) ... 5.3.1  (3) 
 
so that, for examples, d(2) = 15, d(3) = 105 and d(4) = 945.  
 
In fact, d(x) for x ≥ 0 satisfies the recurrence relation: 

 
 )1( +xd = (2 x +3) with = 1. (4) )(xd )0(d
 

The following properties follow from various substitutions in (1) – (4): 
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π
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   for n ≥ 0 (6) 

The following result provides an estimate for large values of x: 
 

 As x ∞→ ,   d(x)   ~    
)1(1)2(2 +−+ xx exe  (7) 
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The D(x,y) function  
 
Consider a function D(x,y) defined for real for positive real values of x  and 
y  by 

  (8)
 
It can be shown [1] that for integer values D(x,y) is given by 
  

  (9) 
so that d(x)  can be considered as a special case of D(x,y) when y = 1.  
 
Properties (2) to (7) imply that D(x,y) satisfies the following properties: 
 
 D(0,0)   =  1  (10) 

 D(0,1)   =  1  (11) 

 D(1,1)   =  3  (12) 

 D(x,0)   =  1  for x ≥ 0 (13) 

 D(0,y)   =   for y ≥ 0 (14) !y

 D(x,1)   =  d(x)    (15) 

  
It can be shown that the number of developments in Kn has a closed form 

 
 (n-1) D((n-3)/2,n-2) (16) 
 
and this can be considered an obvious upper bound on the number of Euler 
circuits in Kn since not all developments of length n(n-1)/2 are Euler circuits. 
 

n Number of Developments  

1 0.00E+00 
3 2.00E+00 
5 6.48E+02 
7 5.47E+08 
9 5.67E+18 

 
Figure 4.   The number of Developments of length n(n-1)/2 in Kn , 

for values n = 1, 3, 5, 7 and 9, given by expression (16). 
 
By a process of elimination, developments of length n(n-1)/2 that do not end 
at the start vertex and do not develop the most recently-visited vertex, cannot 
be Euler circuits. In fact, the number of non-Euler circuit developments in Kn 
for n ≥ 3 is given by  
 (n-1)2 (n-3)2 D((n-3)/2,n-2) (17) 
 (n-2)3 
 
from which we can infer that the proportion of developments which are not 
Euler circuits is  
 (n-1) (n-3)2  (18) 
 (n-2)3 

Therefore, the proportion of developments that are Euler circuits in Kn is 
given by  
 
 (n2–3n +1) (19) 
 (n-2)3 
As an example, consider n = 5. The calculated number of developments is 
648 and the number of these which represent non-Euler circuits is 
calculated as 
 
 (16) . (648)  =  384 (20) 
 27    
Accordingly, the number of these that are Euler circuits in K5 is calculated 
as 
 
 (11)  .(648)  =  264 (21) 
 27  
 
Similar proportions for n = 7 are, respectively, 

81
52 and 

81
29 . 

 
Similar proportions for n = 9 are, respectively, 

343
288 and 

343
55 . 

 
In general, the number of Euler circuits in Kn is 
 
 (n2–3n +1) (n-1) D((n-3)/2,n-2) (22) 
 (n-2)3 
and this is used to calculate values in the table of figure 5. 
 
 

n Number of Euler circuits 

1 0.00E+00 
3 2.00E+00 
5 2.64E+02 
7 1.3E+08 
9 9.1E+17 

 
Figure 5.   The calculated number of Euler circuits in Kn for 

values n = 1, 3, 5, 7 and 9, given by expression 
(22). These are identical to the values in the table 
of figure 3. 

 
 
So, for examples, extending to larger n values, the number of Euler circuits 
in K23 and K25 are O(10234) and  O(10288), respectively. 
 
 
Conclusions 
 
We have shown that the closed-form solution to a classical problem in 
graph theory contains an important function, the D(x,y) function, with 
appropriate values of x and y. Further, it is known that D(x,y) has other 
interesting applications in graph theory, recursion theory and compiler 
testing and these will be discussed in a separate paper. 
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